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Abstract 

Around 2000 Kudla presented conjectures about deep relations 
between arithmetic intersection theory, Eisenstein series and their 
derivatives, and special values of Rankin L— series. The aim of this 
text is to work out the details of an old unpublished draft on the 
second author's attempt to prove these conjectures for the case of 
the product of two modular curves. 

In part one we proved that the generating series of certain modi- 
fied arithmetic special cycles is as predicted by Kudla's conjectures a 
modular form with values in the first arithmetic Chow group. Here 
we pair this generating series with the square of the first arithmetic 
Chern class of the line bundle of modular forms. Up to previously 
known Faltings heights of Hecke correspondences only integrals of 
the Green functions H(m) over X had to be computed. The result- 
ing arithmetic intersection numbers turn out to be as predicted by 
Kudla to be strongly related to the Fourier coefficients of the deriva- 
tive of the classical real analytic Eisenstein series E2(t, s). 
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1 Introduction 

As in the first part of our work |BK1] we consider the natural models of 
product of modular curves X = X(l) x X(l) and its Hecke correspondence 
T(N) over the integers Z. We had introduced the modified arithmetic spe- 
cial cycles 

Z p (m) := (T(m),E p (v,z,m)) G Ch\x) 
and a modified Kudla generating series 
(1.0.1) ^ K , p = Y,Z P (m)q m . 

We proved in [BKlj that 4>k, p is a modular form for SL 2 (Z) of weight k with 
coefficients in the arithmetic Chow group CH (X). 

Hence, for all linear maps L : CH (X) — > R the series L(Z p (m))q m is 
a (nonholomorphic) M— valued modular form in the usual sense. Now we 
denote by c~i (£) the first arithmetic Chern clasa3 of the line bundle of modu- 
lar forms £(12, 12) of bi-weight (12, 12) equipped with the Petersson metric. 
Then we choose the linear map L(— ) = C\{L) 2 ■ (— ) and prove the following 
result, which complements the work of Kudla, Rapoport and Yang in the 
0(1,2) case [KRYj. |KRYlj and provides a first confirmation of Kudla's 
conjectures |Kuj in dimension 2. 

Main Theorem (modified Kudla conjecture). We have an identity of 
modular forms 

(1.0.2) Ci(£) 2 • $ KtP = E' 2 (r, 1) + f p (r) 

with E' 2 (r, 1) the derivative of a non-holomorphic Eisenstein series E 2 (r, s) 
with respect toseC and a certain modular form f p (r). 

The above Eisenstein series equals 

E 2 (r,s) :=-12V(s)£ 2 (t,s), 
where ip is a meromorphic function with 

I'M = "I + 4(^| + \)(s - 1) + 0((s - l) 2 ) 

1 Note this is an arithmetic cycle in the arithmetic Chow group with loglog- growth in 
the sense of [BKK 
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and the expansion of E 2 (r,s) = (l/(2m))d T E*(r,s) (c.f. is deter- 

mined as follows. 

Theorem. The coefficients of the Fourier expansion of the weight 2 Eisen- 
stein series for SL 2 (Z) 

(1.0.3) E 2 (TA) = Y,a(v,l,m) q m 

meZ 

and those of the the derivative ofE 2 (T,s) with respect to s 

£ 2 (r,l) = m)g m 



meZ 



are given by 
a(v, 1, m) 

and by 

a'(v, 1, m) 
where with 



a{m) = J2 d \m d form>0 
for m < 



a(m)(l/ (Aixmv) + a' (m) / a / m)) for m > 

cr(m)(Ei(-47r|m|f) + l/{Air\m\v)e~ 4n ^ v ) for m < 



a Am) := m 



2s 



we abbreviate a'(m)/a(m) := 0'* l / 2 {rn)/ay 2 {m). 

We also will calculate the constant terms a{v , 1, 0) and a'(v, 1, 0) below (c.f. 
Theorem I2.2p although we won't need them for this work 

1.1. Remark. The Fourier expansion E 2 (t, s) = a(v , s, m)q m translates 
via the multiplication by ip to E 2 (r, s) = v4(t> , s, m)q m , where the first 
terms of the Taylor expansion at s — 1 of the Fourier coefficients are given 
by 

A(v, 1, m) = 12a(v , 1, m), 
(1.1.1) A'(v, 1, m) = -48(|t^ + i)a(«, 1, m) + 12a' («, 1, m). 
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The main steps in the proof of our main theorem are to calculate and to 
compare both sides of (ll.0.2p termwise. 

Arakelov theory ( |BKKj Proposition 7.56) gives us for m^O the relation 

(1.1.2) cx(£) 2 ■ Z p {m) = H z (T(m)) + / Z p (v,z, m) Cl (£) 2 . 

Jx 

Observe that c\(C) is proportional to the hyperbolic measure and, as eval- 
uated later (Remark 15.21) . one has for the volume element 

(1.1.3) Cl (£) 2 = (18/vr 2 )^) = (l8/7r 2 ) dXldyi dX2dV2 



Now from Theorem 7.61 in [BKK] p. 81 we already know 
Proposition. The Faltings height ofT(m) is given by 



if m < 

(1.1.4) ht z (l») = { 24 2 ((a(m)((l/2)C(-l) + C'(-l)) 

' / d log i 
dd\m\ 24~ 

Therefore we need only to study the integrals 



'~ p (v ) z ) m)c 1 (Cf = / S(w,z,m)ci(£) 2 + / p(z)E(v, z, m)d(C) 2 . 
x Jx Jx 

For the integrals J x p(z)'E(v, z, m)ci(C) 2 we first recall from Proposition 4.3 
in Part I that by adding an appropriate zeroth coefficient the g-series 

S+(r, z) = E + (v, z,0) + Y, z, m)q m 

is a modular form with respect to SL^Z). Thus, the existence of those 
integrals implies our first result: 

Theorem A. There exists a non-holomorphic modular form f p (r) of weight 
2 for SL 2 (Z) such that 



f p (r)= p(z)E + (r,z)c 1 (£y. 



X 
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1.2. Remark. We observe that the existence of the integral of S p is guar- 
anteed by Arakelov theory. Then the existence of the integral of J x pEc\{C) 2 
implies the existence of the integral of the Kudla Green function H. 

Using 0(2, 2)-theory we are able to calculate the remaining integrals (see 
Theorem I4.2p . 

Theorem B. We have 

\ S(w,z,m))ci(£) 2 
Jx 

f 12a 1 (m)(l/(47rmf )) for m > 

" |l2(Ti(m)((l/(27r|m|t;))e- 4u l m l ,; + Ei(-47r|m|t;)) for m < 0. 

It is now a pleasant exercise to relate these arithmetic intersection num- 
bers for m ^ to the Fourier coefficients of the Eisenstein series as in our 
Main Theorem (see Theorem 12.21) . Now, since we already know that the 
right hand side of our main theorem is a non-holomorphic modular form for 
Sl2(Z) of weight 2, the remaing arithmetic intersection number for m = 
must equal the coefficients of the modular form of the right hand sideD 

As already stated in Part I, our treatment of this topic owes a lot to discus- 
sions with J.Bruinier, J. Funke and S. Kudla. And this time we even got 
some local help by hints from H. Bruckner and J. Michaligek. We thank 
them all. 



2 Eisenstein series and its derivatives 



We take over classical material from Zagier's article [ZaJ p.32f. For r = 
u + iv G H and sgC with Re s > 1 one has the analytic Eisenstein series 



E(t,s):=(1/2)Y' , ——j 

v ' w J ^c,d \ cr + d , 

=v s C(2s) + v s J2J2 \ CT + d 



2s 

2s 



ceN dez 



2 We had spent much effort to calculate this identity directly, but we had not been 
able to do so and would be thankful for any helpful hints. 



6 



resp. in normalized version 

(2.0.2) E*(t, s) := ti- s T(s)E(t, s). 

With 

C(s) := 7r-/ 2 r( S /2)C( S ) 
Zagier states the following Fourier development 

E*(t, s) =v s C(2s) + v 1 " s C(2s - 1) 
(2.0.3) +2V 1 ' 2 <- { i/2)(\n\)K s _ {1/2) (2n\n\v)e 

where 

(2.0.4) al(n):=\n\»Ys d ~ 2U = °-M 

d\n 

is an entire function in v and the K-Bessel function 

POO 

K u (t):= / e- tcoshu cosh(uu) du= K_ v (t) 



2ninu 



is entire in v and exponentially small in t as t \- > oo. 
We introduce 



2.1. Definition. 

(2.1.1) E 2 (t, s) := (l/(2m))d T E*(T, s) = {-\/{^)){d v + id u )E*(r, s) 

and want to study its Taylor expansion at s = 1. More precisely, we slightly 
extend the Theorem in the Introduction. 

2.2. Theorem. We have 

(2.2.1) E 2 (T,l) = J2a(v,l,m)q m 

toGZ 

and, denoting by E' 2 (t, s) the derivative of E 2 (r, s) with respect to s, we get 

(2.2.2) E' 2 (t,1) = ^a>,l,m)g m 

meZ 
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with 

{a(m) = J2d\m d form>0 
-1/24+ 1/(8™) form = 
for m < 

(2.2.3) 

' a(m)(l/(4iTmv) + a'(m)/a(m)) for m > 

■(1/24)(24C'(-1) + 7 - 1 + log(4™)) 

-(l/(87ru))(-7 + log(47ru)) for m = 
k <7(m)(Ei(-47r|m|u) + l/(47r|m|t;)e- 4w|m|t ') for m < 0. 



a'(t>, 1, m) = < 



Proof. We have (see for instance Iwaniec |Iwj p. 205) 

POO 

K„(t):= e- tcoshu cosh(uu) du 
Jo 

_ V^{ t / 2 ) U [°° tr ( 2 _ i\i/-(l/2) i 

-T(y + (1/2)) A { j 
Hence, from f)2.0.3p we get 

E*(t, s) =v s (*{2s) + v 1 ~ s C(2s - 1) 



£ 2a:_ (1/2) (|m|) ( ! 1 ^ 5 r e-^^-ir-Hre—. 



We abbreviate 

c (v,s):=v s C(2s)+v 1 - s C(2s-l), 

co(v, s) := d vCQ (v, s) = sv s - 1 C(2s) + (1 - s) V - s C(2s - 1), 

and, for m/0, 



(u|m|7r) 

c m (v,s) :=2a s _ {1/2) (\m\) 



s 



r(s) y |m| 
J m (w, s) := / e ~ 2 " |m|w (r 2 - ly^dr, 



oo 

J m (v, s) := / e - 27r H w (r 2 - l^Vdr, 
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and get 

E 2 (r, s) = -(l/(47r))(c (f,s) + ^((s/v -27rm)c m (v, s)I m (v, s) 

in 

— 2n\m\c m {y , s)J m (v, s))e{mu) 

i.e. 

E 2 (r,s) = - ^-(c (v,s) 

+ y*](( s / v ) c m( v > s ) J "i(^, s) - 2n\m\c m (v, s)(I m (v, s) + J m (v, s))e{mu) 

m>0 

(2.2.4) 

+ ^2(( s / v ) c m(v, s)I m (v, s) + 2ir\m\c m (v, s)(I m (v, s) - J m (v, s))e(mu) ). 

m<0 

Using Maple, one can determine from here the first two terms of the Taylor 
expansion of each coefficient of e(mu) and hence get the claims in the The- 
orem. For those who don't like Maple, we give a direct proof in an appendix. 

□ 

2.3. Remark. The sigmas in this calculations are those from the paper by 
Zagier 

a* s (n) := \n\ s £ d~ 2s = a*_ s {n). 

d\n,d>0 

Hence one has 

\Zmal/ 2 ( m ) — d = a(m). 

d\m 

We set 

a'(m)/a(m) := a*'(m) 1/2 /al /2 (m) 
(2.3.1) = (a(m) logm — 2 2J d\ogd)/a{m). 

d\m 

As an immediate consequence to our Theorem, for the coefficients (ll.l.ip 
of the modified Eisenstein series E' 2 (r, 1), we get 
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2.4. Corollary. One has 

(2.4.1) 



A'(v,l,m) = -12 < 



f <7(m)(4(C'(-l)/C(-l) + 1/2) - l/(Anmv) 

+^*i/ 2 (ra)/o-*, 2 (m))) for m > 
3C'(-1) - (1/8) + ( 7 /24) + (1/24) log(4™) 

+ (l/87rt;)(-48C / (-l) - 7 + 2 + log(47ru)). for m = 
er(|m|)(Ei(— 47r|m|t>) + l/(47r|m|i> ) e - 4n \ m \ v ) for m < 



3 Boundary function integral 

In Section 2 in Part I we introduced a partition of the unity p with respect 
to the boundary D and the boundary function S + (r, z) 

S+(r, z) = £ S(t;, z, m)q m - (l/2v)t(s + l/s) 

m 

Z{v,z,m) = {l/2) Hv,z;b,c) 

—bc=m 

with t = y/yii/2, s = \/yi/y2 (unfortunately we here have the same letter as 
the one denoting the variable in the zeta and Eisenstein series but the kind 
reader will know to make the difference) and 

((v, z, ;b,c)= (t/ Vv) (B(v, s; b, c) - l(v, s; b, c)) 

/oo 
e -Mb/s+cs)*r r -3/2 dr 

{A-k^Jv min(| bs' 1 |, | cs |)) if - bc> 
if -bc<0. 



l(v,s;b, c) 



And in Proposition 4.3 of Part I we proved the modularity of S + (r, z) as a 
function in r. From there we come to the following result: 

3.1. Theorem. There exists a modular form f p such that 
(3.1.1) f P (r)= [ p(z)E + (r,z))dp. 

Proof. As we have modularity in r of S + and since the integral does not 
affect the r— variable, the modularity follows as soon as we checked the 
existence of the integrals. For m = this is evaluated in the Proposition 
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13.51 below and for m 7^ that follows from the three lemmata below as in 
these we have integrals of type 



x 



tF(s)d/j, = / tF(s)dxidx2dsdt/st 3 
Jx 



and, as the integrand does not depend on xi,X2, once the s— integration is 
done, one has a finite value as 



/ dt/t 2 < 00. 

Jt>tn 



>t>t 

□ 

3.2. Lemma. Form = —be < and 

r(m) := %{d > : d\ \m\} 

one has 

POO 

V / B(v, s; 6, c)ds/s < 2r(m)(l/(2 y/\mju)e- 4nlmlv + 27r^/\m^ Ei(-4vr| 
>. Jo 

—bc=m 

Proof. Replacing s by sv/c/6 we get 



B(v,s;b,c)ds/s= / / e-^ b l s+cs ^ r dr/r z l 2 ds/ 



s 





OO POO 



</i 



e - 7rw | m |((l/ s)2+s2 ) + 2). (ir/r 3/2 ds/s 



and with s = and cosh<£> = 1 + <p /2 + . . . we estimate 



OO POO 



B(v,S;b, C )ds/s= / / e -2^Hcosh2^ e -2 w |mK (ir / r 3/2 



1 •/ — OO 
00 poo 

,2 



< / / e ~ 4 ™ |m| ^ rf^e- 47r|m|OT cir/r 3/2 
ii J -00 

/OO 
e -^\m\vr dr / r 2 

= l/(2^/\m}v)e' 4n]mlv + 27rv^^Ei(-47r|m|i;)). 

□ 
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3.3. Lemma. For m = —be > one has 



POO 

/ B(v,s;b,c)ds/s < 2r(m)(l/(2- s /|mju)) 

Proof. Replacing b by -6 one has E- bc=m = 2 £&, c >o,&c=m and a S ain s b ^ 
sy/c/b we get this time 

/»oo poo /»oo 

/ fi(v,s;6,c)rfs/s= / / e-™ {b,s+cs)2r dr/r z,2 ds/s 
Jo Jo Jl 



poo ^00 




e -nvm((l/s)'+s')-2)r dr y/2 ds ^ 



Jl 



and with 8 = 6^ 



/'OO /"OO /"OO 

/ B{v,S;b, C )ds/s = / / e -2™rmco S h2<p dlpe 2Kmvr dr / r 3/2 
Jo Jl J-00 



COO fOO 

„2 



Jl J-00 

"OO 

2 



l/(2y/mv) I dr/r 



3.4. Lemma. For m = —be > one has 



□ 



POO 

/ min(|6/s|, |cs|)ds/s = 4r(m)\/m 
Proof. Replacing s by sa/|c|/|6| we get 

/oo _ poo 

min(|6/s|, \cs\)ds/s — / min(l/s, s)ds/s 

-nc 111 -bc=m 

pi POO 

= 2y/mr(m)( sds/s+ / ds/s 2 ) 



2v / mr(m) • 2. 

□ 



12 



3.5. Proposition. For m = be = one has 

/ , z, 0)d/j, < oo 

Jx 

Proof. From the Remark 2.23 from Part I we get 

2 • E(v, z, 0) =(t/Vt)(%2 ^ s; 6 ' °) + E s ' °> c ) + s - °> °)) 

= - 2t/v^ + t(s + l/s)(l/u + (2/vr)C(2)) 

(3.5.1) - (2t/7r)((l/s) e~ ns2bVv /b 2 + s e'^^ /c 2 ) 

beN ceN 

and from (4.2.6) of Part I 

2 • E + (v, z, 0) =2 • E(v, z, 0) - (l/v)t(s + 1/s) 

= -2i/v^ + t(s + l/s)(2/7r)C(2)) 

(3.5.2) - (2t/7r)((l/s)^e-^ 262 /76 2 + s^e-" c2 /^Vc 2 ). 

Step 1. We start by integrating 



and 



T '= [ [ tdy 1 dy 2 /(y 2 2 y 2 1 ) 

JK x <y x JK 2 <y 2 <T 
pT poo 

= / d yi /yl /2 dy 2 /yl /2 = (A/VK^l/VK.-l/VT). 
Jk 2 Jk x 

Io= / y 2 dyidy 2 / (yly 2 ) 

J Ki<yi J K 2 <y 2 <T 
i-T r oo 

dyi/yfdy 2 /y 2 




K 2 JK X 
T 

{l/K l )dy 2 /dy 2 = (l/K 1 )(logT - \ogK 2 ) 

K 2 



Step 2. For b ^ we look at 

/*T /*oo 

J 6 : = (l/6 2 ) / y 2 / e-^^dy^^f 

=(i/b 2 ) [ T ([e-^ b2 y^(-i/ yi )}^ 

Jk 2 



(nb 2 /(y 2 v))e~^ b2 y^dy 1 /y 1 )dy 2 /y 2 

nT poo 

= (l/b 2 ) / {[e^/^^il/K,)]- / (nb 2 /(y 2 v))e-^ b2K ^y 2 dy 1 /y 1 )dy 2 /y 2 . 
Jk 2 Ji 
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We remind 

POO 

-Ei(-x) = / e~ xt dt/t = --f-\og\x\+x-x 2 /(2-2\) + 



and have for T — > oo in the first term 

J M = (l/(6 2 ^i)) f e-^ b2K ^dy 2 /y 2 



'K 2 

*1/K 2 



= (l/(6 2 ^i)) / e-^ b2Klu du/u 

Jl/T 
fT/K 2 

= (l/(6 2 ^i)) J e~ ( ^ b2K ^ T du/, 

/oo 
e -(-Mb 2 K lU /T du/u 

= (l/(6 2 iT 1 ))(- 7 -\ogx + x + ...) 
where x = ir(b 2 /v )(Ki/T). And for the second term in I b 



rT poo 

h,2 : = (n/v) / ( / e-^ b2K ^d yi / yi )dy 2 /y 2 2 

J K 2 J I 

rT 

<K 2 

•1/K 2 



= -(n/v) [ Ei(-(7r/v)b 2 K l /y 2 )dy 2 /yl 

JK 2 
rl/K 2 

= -(n/v) / Ei(-(7r/v)b 2 K lU )du 

Jl/T 



n/T 

with a = nb 2 Ki/v we have 

pT /»oo 

h,2 =(7r/ V ) / / e- a ^y 2 d yi / yi dy 2 /y 2 2 

J K 2 Jl 

nl/K 2 
[e-^ u dudy 1 /y 1 
_/T 
/•oo 

=(7r/(ua)) / [e- ayi / T - e- a ^ K *]d yi /y 2 



/oo 

<l/(6 2 ^ 1 ))([e- a / T -e-^]) 

/oo 
[e-^rr/T-e-^^/^dyJy! 

<l/(6 2 K 1 ))([e- a / T -e- a ^ 2 ]) 
- (ir/(vK 2 )) Ei(-7r(b 2 /v)K 1 /K 2 ) + (ir/(vT)) Ei(-vr(6 2 /v)K x /T) 
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i.e. something finite for T — > oo as the first terms are harmless and for 
the last one one has 

(tt/(vT)) Ei(- 7 r(6 2 /i;)^ 1 /T) =(7r/(t^))(- 7 - log(-7r(&7«)tfi/T) 

+ (-ttQP^KJT) + . . . . 

with (1/T) logT 0. 

Step 3. We remark that for T — > oo Io/b 2 and h have the same singular- 
ity, namely l/{b 2 Ki) logT. 

Step 4. The same way, we have the the same singularity coming from 
I'o = / / Vidyidy 2 / {ylvD 

Jk 2 <V2 JK 1 <y 1 <T 

T POD 

/ dy 2 /y 2 2 dy l /y l 

Kx JK 2 
T 

(l/K 2 )d yi /d yi = (l/tf 2 )(logT - logtf 2 ). 



and 



pT poo 

I c : = (l/c 2 ) / Vl / e-W'Vn/vxfafa/fa^y 

JKx J K 2 

=(l/c 2 ) /" T ([e-( 7r / v ) c2 ^ 1 (-l/ 2 / 1 )]° 



K 2 



(nc 2 /(y lV ))e-^ c ^dy 2 /y 2 )dy 1 /y 1 

<l/c 2 ) / ([e-^^ c2K2 ^(l/K 2 )} 
Jk 1 



(7rc 2 /(y 1 v))e-^ cK ^dy 2 /y 2 )dy 1 /y 1 . 
Hence all together adds up to something finite. □ 

4 Kudla's Green function integral for m^O 

At first we remark that, as explained at the end of the Introduction, it fol- 
lows immediately from Theorem 13 . II that for m^O the integrals in question 
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exist. 

We look at the Green function integral 
4.1. Definition. 



I m := / E(v,z,m)dfi(z) 
Jv\sjxr\sj 

(4.1.1) = / (1/2) Z(v,z,m)dfji(z) 

Jr\fixr\s> MeLm 

and want to prove the following 

4.2. Theorem. With a(m) := Yld\m^ one ^ as 
(4.2.1) 

fa(|m|)(7r/3)(l/(2w|m|))(e- 4 ™ |m| +4vrw|m|Ei(-47r|m|f)) for to < 
"" " 1 o-(m)(7r/3)(l/(2um)) for m > 0. 

Proof. At first we assemble some tools. For m G N and 

T = SL(2,Z), 

L m = {M = *J G Af 2 (Z); detM = m}, 

L* m = {M e L m ; M primitive}, 



L m — U a d=m ,d>0,a\d ^ I ' I ^ 



one has the standard facts (see for instance Ogg's book |Og| p.II-7 and IV-4) 

(4-2.2) = U a d=m,d> 0, b mod d T f ^ 

and 

(4.2.3) i4 = r( m 1 V= u Q r« 



with 



a = [ a ^ ) , ac? = to, d > 0, < b < d, (a, 6, d) — 1. 



One has 

[i;:r]=m[](l + (l/j)))=^H 

p|m 
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and also 

[r : r (m)] = ip(m). 

Moreover, we have 

[L m : r] = ^ d = °"( m ) 



d\m 



and hence the formula (which is easily verified using the multiplicativity of 
a, see for instance Rankin [Raj p. 285) 

(4.2.4) a(m) = ^ip(m/n 2 ). 

n 2 \m 

T acts transitively by right multiplication on r\L^ with isotropy group 

(771 \ 
j j (for example as in Knapp [Kn] p. 256, Propo- 
sition 9.3). Hence, one has a bijection 

(4.2.5) £^r( m ^(r (m)\r). 

It also is a standard fact that one has 

(4.2.6) vol(r\H) = / ^ = tt/3. 

Jr\m y 2 

and for m > (e.g. [FB] p. 375) 

(4.2.7) vol(r (m)\M) = ip(m)>ir/3. 

After the preparation of these tools, we come to calculate the Green function 
integral 



I m := / E(v,z,m)dfi(z) 
Jr\Mxr\m 

with 

dfjL(z) = dfi(zi)dfi(z2) = Y[ — L 2~ J ~- 

3=1,2 ^' 

We do this in several steps. 

Step 1. The integral for squarefree positive m 

To simplify things, we start by treating the special case of squarefree m > 
where L* m = L m . 
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As T = r x r acts on L m via M i-> 7^*72 =: M 7 , we have 
I m = [ (1/2) V Z(v,z,M)d»(z) 

= / (1/2) £ £M*i,* 2 );7i( m tV/?)^) 
Jr\Hxr\H 7i6r/36(ro(m)Xr) V V 

= / (1/2) £ ^,(7^1,^2);^,))^) 

Jr\Hxr\ H 7igr/36(ro(mAr) \ V 

where we use the homogenity £(gz, M 9 ) = £(z, M). Hence, one has 
J m = (l/2) / ^,^,f m ^W*) 

ilx(r„(m)\i) V V 

with 

£(«,*, (™ ^) = J\- 2 ™ R ^ m ^ u du/u 

and 

( m ^ =il/(2y 1 y 2 ))\m + z l z 2 \ 2 . 
We simplify this by changing two times our coordinates. 

i) The change 

(z 1 ,z 2 ) 1 — > (z 1 ,mz 2 ) 
leads to dfi(z) >->■ <i/i(2) and 

i? ( Z)( ™ 1 ))^ mjR (^(i i )). 

ii) For g 22 with g 22 (?) = z 2 we take 

z = (21,22) 1 — > g{z) = ( t 9z 2 (zi),g~ 1 (z 2 )) -. (zi,i) 

and have 

R(z,(\))=R(g(z),(\y) 

=(1/(21/1')) I l + I 2 

and finally 

I m = vol(r (m) \H)(l/2) / H (/r e " 27rCTni?(2l '" (1 i ))u d«/«)d|iM 
= vol(r (m) \ H)(l/2) J H (/ 1 ° e- 7r ^ 1 /(2/i))((i-2/i) 2 +^)«^/ W )d//(2i). 
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Thus one is reduced to a two-dimensional integral 

f roo 

(4.2.8) C= e- nvm{1/M) « l - yi)2+x i )u du/u)dfx( Zl ). 



Using parts of the SO(l, 2)— theory as for instance in Brunier-Funke |BF] . 
we change coordinates 

R 2 — > H, (r, ip)\ — ► (z = x + iy) 

with 

y = 1 / (cosh r — sinh r cos ip), x = — sinh r sin ip / (cosh r — sinh r cos </?) . 
i.e., 

(x 2 + y 2 + l)/(2y) = coshr 
(x 2 + y 2 — 1)/ (2y) = sinh r cos <p 
—x/y = sinh r sin (p. 

A small calculation shows that one has 

dfx(z) = dx A dy/y 2 = sinhr dr A d</?. 

We get 

P POO 

r m = / ( / e-™ m(1/ ^ ((1+ * 2 +^- 2 ^cV«)^) 

Ju Jl 

/>2n poo poo 

= / (/ e- 2nvm{coshr - l)u du/u)smhrdrd<p 
Jo Jo Ji 

/oo poo 
J e-^^-^dtdu/u 

/OO POO 
( y e- 2 ™ mut dt)e™ mu du/u 

/oo 
[e- 2 ™7(-27rt;mM)]^ e 27TVmu du/u 

/oo 
u~ 2 du 

= (1/vm). 

and hence 

(4.2.9) I m = vol(r (m) \ H)(l/2)(l/wi) = a(m)ic/ (&um) . 
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Step 2. The integral for squarefree negative m 



For negative m we need slight changes in the calculation of the integral /„ 
in the second part of our proof. At first one has 



£^r( m ^(r (H)\r). 



Then the transformation 

(z 1 ,z 2 ) i — > (z 1 ,mz 2 ) 

transforms I x I to H x 1. Hence, in the next step, we have to replace the 
old g z , 2 by another one with g Z2 (— i) = z 2 and come to 



i m =voi(r ( 
=voi(r ( 
=voi(r ( 
=voi(r ( 
=voi(r ( 
=voi(r ( 

(4.2.10) 

=voi(r ( 



m 



m 



m 



rn 



rn 



rn 



m 



)\ !I)(l/2) / (T 'e-^H^i'-iK 1 i^du/^d^) 
Jw Ji 



)\H)(l/2) 
)\H)(l/2) 



.71 



e --Wyim+yi) 2 +->\rn\u du/u ^ z j 
e --Wyim+^+y!+^)#du/u)di2(z l ) 



oo poo 



\ H) (1/2)2tt ( e 
Jo Jl 

/OO POO 
(J e 



-2irv\m\ (cosh r+l)u 



du/u) sinh rdr 



-2-Kv\m\(t+l)u 



dt)du/u 



\M)(l/2)(-l/um) J e- 4nvlmlu u~ 2 du 



\H) (l/2)((-l/vm)e' 



-47ro|m| 



-4nv\m\u 



du/u). 



Step 3. The integral for general m/0 

We use the results which we already have and for positive m calculate 

I m = f (1/2) Z(z,M)dpL(z) 

Jr\uxr\u Meim 



/ £(1/2) £ ^,nM)d^z) 

^r\Hxr\H n 2| m MgL* 2 

£ / (V2) E £(*,nMW*). 
n2|m Jr\exr\H mgl* 
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With 



we get 



L* m/n i=r( m/n2 JfroKn^r) 



A)dfi(z). 



One has 



( T71/ / Tli^ 

R(z,nt A) = (l/2y l y 2 )\m/n + nziz 2 



and changing the coordinates, as in the second part of our proof above, this 
time by (zi, z 2 ) i — > (zi, mz 2 /n 2 ) we get 

R(z, n ^ m//n A ) i — ► (l/2 yi y 2 )m | 1 + Zl z 2 | 2 = mR(z, P ^ ) 

and hence, as in the second part above, via z i — > g(z) = (zi,i) 

Im = (1/2) E„ 2 | m vol(r (|m/n 2 |) \ H) / H f™ e-*™*^ 1 A^du/^d^) 
= (l/2)E„ 2 | m vol(r (|m/n 2 |)\H)/; 

= < 7 1 (m)(7r/3)(l/2)(l/«m) 

where we used the formulae (I4.2.2P and (I4.2.4P from the first part of the 
proof and put k := vol(T \ H) = 7r/3. 

For negative m one gets the same way, with m replaced by \m\, analogously 
the formula (14.2. 10p from above 

I m = a l (\m\)(n/3)(l/v\m\)(e- 4nvlm AA7rv\m\Ei(-A7r\m\v)). 

□ 



5 Proof of the Main Theorem 

Now we relate the results obtained for m ^ in Theorem 14.21 for the Green 
function integral I m to the Fourier coefficients of our modified Eisenstein 
series in Corollary 12.41 
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5.1. Theorem. Form ^ 0, with (I1.1.2P one has 

C!(£) 2 ■ Z(m) = ht z (T(m)) + I E(v, z, m)) Cl {C) 2 

Jx 

(5.1.1) = A'(v,l,m). 

Proof. We already observed 

A'(v, 1, m) = -48(|^i + i)a(v, 1, m) + 12a' (v, 1, m). 

Hence, for m > 0, from Theorem 12.21 resp. Corollary 12.41 and the Remark 
12.31 on the different sigmas one has 

A>,l,m) = -48a(m)(|t^ + i) 

+ 12a(m)(l/(47rmv) + a*'(m)i/2/</ 2 ( m )) 
C'f-l) 1 

= _« ff(fB)( ^_J + _ ) 

+ 12(cr(m) / (47rmt>) + (er(m) logm — 2 d log (i) ) . 

d\m 

On the other hand, as already remarked in the introduction, from Theorem 
7.62 in [BKK] and Theorem H21 



Ci(£) • Z(m) = ht£-(T(m)) + c / E(v, z,m))dfi 

= 24V(m)((l/2)«-l) + C'(-D) + E(^f - °-^^)) 

d\m 

+ ccri(m)(7r/3)27r(l/(47rmu)). 
For m < one has by Theorem 12.21 a(t>, 1, m) = and 

1, m) = -(Ei(-47r|m|u) + e-^ |m| 7(4vr|m|t;))ai(m)) 
and again from Theorem 14.21 

ci(£) 2 • Z(m) = ht c(T(m)) + c / E(v, z } m))djj, 

Jx 

= cai(m)7T 2 (2/3)(Ei(-47r|m|t;) + e' i7V ^ v / (47r\m\v)) . 
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In both cases we get the equality we claimed with c = 18/n 2 . □ 

5.2. Remark. The constant c is explained by the fact that in the context 
of [BKK] and [BBK] one has 

J Cl (£) 2 = d(Z) ■ ci(Z) = T(l) • T(l) = 2 

with 

ci(Z) = 12 (cfe^/^Tn/ 2 ) + dx 2 dy 2 /{Aityl)) 

and 

Cl (£) 2 = 2 • {12/ ^) 2 {dx 1 dy l dx 2 dy 2 /{y lV2 ) 2 ) = (18/7T 2 )rf/i(z). 
Finally, we have all the material for the 

Proof of the Main Theorem. As we know the modularity of both sides of 
( ll.0.2|) the equality for m^fl following from Theorem 15. II is sufficient (and, 
hence, gives the value for m = we up to now did not determine directly). □ 

6 Remarks towards a direct calculation of 
the constant term 

Though we don't really need this, to strive for some completeness, we will 
make some remarks concerning the case m = 0. 

For m = 0, as a consequence of the log- log- singularity of the metric on 
jC, ht£-(T(0)) is not defined and by the same reason J x E p (v, z, Q)dfi does 
not exist. Therefore instead of (jl.l.2p . we have to use the formula 

c 1 (£) 2 -Z p (0)= J (E p (v,z,Q) + (l/24-l/(87rv))goW 
(6.0.1) +c(C'(-l)/C(-l) + l/2), 

where 

(6.0.2) 00 == -log || A( Zl )A(z 2 ) || 2 . 
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This formula comes out as here one has 
Z,(0) = (T(0),S p ) 

f(0) = (T(0),c ^o), c := -1/24+1/8™ 

and 

c x (£) 2 • Z p (0) = c x (Z) 2 • (f (0) + (Z,(0) - f (0)) 
(6.0.3) = ^(Z) 2 ■ f (0) + C!(£) 2 ■ (Z„(0) - (f (0)) 

where the first summand is known to be ([BKKJ Theorem 7.61) 

c 1 (Z) 2 -f(0)=c 1 (Z) 2 -c c 1 (£) 

= c(C'(-l)/C(-l) + 1/2), c = -(l/2)12 2 c 

and (using the formulae (3.3.1), (3.1.1), and (3.0.5) from Part I) the last 
one gives the integral above in the formula (16.0. ip 

c 1 (Z) 2 ■ (Z p (0) - (f (0)) = / (S p (t;^,0)- C o^o)ci(£) 2 

Jx 

(6.0.4) = / (H(t;^,0)-Co^o)ci(£) 2 + / p(z)E + (v, z, 0) Cl (Z) 2 

Jx Jx 

We already fixed 

/ p (0)= / p(z)E+(v,z,0))dfi. 
Jx 

Thus, if one wants to avoid the reasoning from the proof above, for a direct 
proof of the m = 0— case it remains to show that (it 2 /18) A' (v , z, 0) has the 
same value as 

/ (E(v,z,0) + (1/2A- l/(8nv))g )dfi 
Jx 

= [ ((H>,z, 0)-(1/24)<7 ) + (1/24 - 1/(8^))^)^ 
Jx 

(6.0.5) = / {E*{v, z, 0) - l/(Bnv)go)dfji. 

Jx 

Observe, if we split the integrals, then we would get two divergent integrals 
where for the integral over go the relevant terms in an asymptotic expansion 
at the boundary had been calculated already in [Kj. 
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A Appendix: Fourier expansion of E2 (r, s) 



Now, here we add the direct proof of Theorem 12.21 where in the main part 
we relied on Maple calculations. 



A.l. Theorem. We have 

(A.i.i) E 2 (T,i) = j2 a ( v > 1 > m )y r ' 



mgZ 



and, denoting by E' 2 (t,s) the derivative of E 2 (t,s) with respect to s, we get 
(A.1.2) K(r,l)= $>'M,m)g m 



with 



meZ 

o-i{m) for m > 

-1/24+ l/(87r«) form = 
for m < 



Vi(m)(l/(47rmw) + cr'/cr) 
-(1/24)(24C'(-1) + 7 - 1 + log(47rt;)) 
-(l/(87rv))(-7 + log(47n;)) 
k <7i(m)(Ei(-47r|m|v) + l/(4vr|m|'y)e- 4 ^ |m|1 ') 

where with a* as in f)2.0.4p 

(A. 1.4) a := cr*/ 2 (m), a' := cr*' 1 / 9 (m N 




for m > 

for m = 
for m < 



l/2\ 



Proof. 1. We have (see for instance Iwaniec |Iwj p. 205) 

POO 

K u (t):= e- tcoshu cosh(vu)du 
Jo 



r(z/ + (i/2))A 

Hence, from (l2.(J.3p we get 

E*(r,s) =v s C(2s)+v 1 - s C(2s-1) 



oo 

e -*( r 2 _ iy-Wdr. 



+ £ 2a:_ (1/2) (|m|) ( ; 1 ™ M r e -^(r* - ir'dre^™ 
^JTZ^n L{s)\/\m\ Ji 



m£Z,m^0 
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As in the rudimentary proof of Theorem 12.21 we abbreviate 

c (v,s):=v s C(2s) + v 1 - s C(2s-l), 

c (v, s) := d vCo {v, s) = sv s - 1 C(2s) + (1 - s)tT'C*(2s - 1), 

and, for m/0, 

a := 27r\m\v, 

{v\m\Ti) s 

c m {v,s) :=2a s _ {l/2) {\m\) 



r(s)v/|m| 

/oo 
e -2*\ m \vr( r 2_ 1 y-l dri 

POO 

J m {v, s) := / e - 2 " |m|w (r 2 - l) s - l rdr, 



and get 

E 2 (r,s) = -(l/(47r))(c (f,s) + Y] {{s/v -2ixm)c m (v, s)I m (v, s) 

-2ix\m\c m {v , s)J m (v, s))e{mu) 

1. e. 

E 2 (t,s) = - -^-(cq(v,s) 

+ ^2(( s / v ) c m(v, s)I m (v, s) - 2ix\m\c m (v, s)(I m (v, s) + J m (v, s))e(mu) 

m>0 

(A.1.5) 

+ ^2((s/v)c m (v, s)I m (v, s) + 2ir\m\c m (v, s)(I m (v, s) - J m (v, s))e{mu) ). 

m<0 

2. Denoting by ' the derivation with respect to s, one has 



+ ^(((l/f)c m +(s/v)c' rn )I m - 2Tc\m\c' m (I m + J m ) 

m>0 

+ {s/v)c m I' m - 2ir\m\c m (l' m + J' m ))e(mu) 

m<0 

(A.1.6) +(s/v)c m 4 + 2n\m\c m {I' m - J' m ))e{mu) ). 
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From 

(v I m I 7rV 
c m (t»,s) := 2ct s _ (1/2) (| m |)- 



r(s)y |m| 
we get 

c m (v,l) = cr* /2 (| m Do/a/H 
and with cr s := cr*(|m|) 

= ((^-(i/2)/^-i/2) +log(a/2) - (r'(s)/T(s)))c m (v,s). 
Using T'(l) = —7,7 the Euler constant, we have 

c m( v > !) = (K/2 M/2 ) + log(a/2) + i)Cm(v, 1). 

Now, we can write for s = 1 
£ 2 (r,l) = -(1/(4^)^(^,1) 



+ E m >o(( 1 /^)c m ((l+ « /2 M/ 2 ) + log(a/2) + i)I m 

- a((a' 1/2 /a l/2 ) + log(a/2) + 7)(/ m + J m ) 



+ E m <o(( 1 /^)c m ((l+ «/>i/ 2 ) + log(a/2) + 7 )/ m 

+ a((o' l/2 /a l/2 ) + log(a/2) + i){I m - J m ) 

+ / m + a( J m-^m))e(mM))- 

One has to determine the values at s — 1 of the functions in this relation: 
From the definitions one has 

I m (v,l)= e- a (l/a), 
J m (v,l)= e- Q ((l/a) + (l/a 2 )), 

I m (v,l)-J m (v,l)= -e~ a (l/« 2 ), 

I m (v, 1) + J m (v, 1) = e" a ((2/«) + (l/« 2 )), 

and, hence, via ( jA.1.5)) immediately the formulae for the a(v, l,m),m/fl, 
in the theorem. 

3. For the other terms we will use the well known relation 

POO 

r'(l) = / e- l \ogtdt = -7 
Jo 

and its consequence 

"OO 

e~ at \ogtdt = -(l/a)(7 + loga). 
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Moreover, one has using partial integration 

/ °° e- at t\ogtdt = (l/a)((l/a) - (l/a)(7 + log a)), 
and with -Ei(-s) = e~ st dt/t 

f™e- at \ogtdt = (l/a)(-Ei(-2a) + e~ 2a log 2) 

e~ at t\ogt dt = (l/a 2 )(-Ei(-2a) + e" 2 " (2a log 2 + 1 + log 2)). 
Hence we get 

I'Jv, s) = f™ e~ ar {r 2 - I) 3 " 1 log(r 2 - 1) dr 
I' m (v, 1) = A 00 e~ ar log(r — 1) dr + e~ ar log(r + 1) dr 
= e~ a J °° e~ ar log rdr + e a J 2 °° e _ctr log r dr 
= e Q (l/a)(-Ei(-2a)) - e - a (l/a)(log(a/2) + 7) 

and similarly 

J' m {v, s) = e~ ar (r 2 — l) s_1 r log(r 2 — 1) dr 

J' m (v, 1) = L e~ ar r log(r — 1) dr + e~ ar r log(r + 1) dr 

= e~ a J °° e~ ar (r + 1) log r dr + e a J 2 °° e~ ar {r — 1) log r dr 

= e a (Ei(-2a))((l/a) - (1/a 2 )) + e" a (l/« 2 )(2 - (log(a/2) + 7 )(1 + a)). 

One has 

/>, 1) + J>, 1) = e"(-Ei(-2a)(l/a 2 )) 

+e-«(l/a 2 )(2 - (bg(a/2) + 7) - 2a(log(a/2) + 7)) 

/>, 1) - 1) = e a (Ei(-(2a))((l/a 2 ) - (2/a)) 

-e- Q (l/a 2 )(2-(log(a/2) + 7 )). 

Hence, from (1A.1.6[) . in the equation for ^(t, 1) the coefficient of c m (t>, l)/v 
for m > comes out as 

e- a (-2a'/a- (1/a)) 

and for m < as 

e- a (-(l/a)) -e a 2Ei(-(2a)). 
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Remembering that for m > with q = e(u + iv) one has q m = e a e(mu) 
and for m < q m = e a e(mu), we get with a := a^ 2 (\m\) 

E' 2 (r,l)= -(1/477)^(^,1) 

+ E m >o(VM/M)(°/(^rnv)+a') q ™ 
+ E m <o(v^H/( 27 V(- Ei (-(2«)) + e 4 ™ v /{4irmv))q m . 
One can simplify this a bit using the relation a = a^ 2 = and, with 

■\/\m\<j = o\ = d. 

d\m 

have our claim for m ^ 0. 

4. We still have to treat the case m = 0, i.e., starting with 

c (v,s):=v s C(2s)+v 1 ~ s C(2s-l), 

c (v, s) :=d v c Q {v, s) = sv s - 1 C(2s) + (1 - s)v~ s C(2s - 1), 
determine co(f , 1) and c' Q {v, 1). 

We look at 

ai ( s ) : = sv s - 1 C*(2s) = C(l - 2s)r(l/2 - s)^- 1 /^^ 1 
and get, using standard material assembled in the Zeta Tool Remarks below, 
ai(l) = -C(-1)2tt = tt/6, 

a[(s) = (-2C'(1 - 2s)/C(l - 2s) - r'(l/2 - s)/r(l/2 - s) + logvr + 1/s + logu)ai(s) 
ai(l) = (-2C'(-1)/C(-1) - r'(-l/2)/r(-l/2) + 1 + log(H) ai (l) 
= (tt/6)(24C'(-1) + 7 - 1 + log(47ru)). 

Similarly, we take 

a 2 (s) := (1 - s)^- s C*(2s - 1) = (1 - s)((2s - l)r(s - l/2)n 1/2 - s V - s 

and for 

F(s) : = (1 - S )C(2 S - 1) = (1 - s)(l/(2(s - 1)) + 7 + . . . ) 

get 

F(l) := -1/2, F'(l) = -7, 
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while for 

G(s) :=T(s-l/2)n 1/2 - s v- s 

one has 

G(l) = r(l/2)7r- 1/2 t;- 1 = 1/v 

G'{s) = (r'(s - l/2)/r(s - 1/2) — log 7r — \ogv)G(s) 

G'(i) = (r'(i/2)/r(i/2)-iog(H)i/^ 

= (l/u)(-7-log(47ru)), 

and, hence, 

a 2 (l) = F(1)G(1) = -1/(2*;) = ((-1)4^(3/(2™)) 
4(1) = F'(1)G(1) + F(1)G'(1) = - 7 (l/„) - (l/2)((- 7 - log(4H)l/^ 
= (l/2u)(-7 + log(47ru)). 

Finally we have the claim for the constant terms 

c (v, 1) = ai(l) + a 2 (l) = C(-1)(-2tt + 6/u) = vr/6 - (l/2u) 
c[,(t;,l)=a / 1 (l) + a 2 (l) 

= (tt/6)(24C'(-1) + 7 - 1 + log(47ru)) + (l/2u)(- 7 + log(47ru)). 



□ 
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